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Abstract. Making use of a convolution structure, we introduce a new class of analytic
functions Tpg(λ, α, β, ) defined in the open unit disc and investigate its various characteris-
tics. Further we obtained distortion bounds, extreme points and radii of close-to-convexity,
starlikeness and convexity for functions belonging to the class Tpg(λ, α, β).
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1. Introduction
Let A(p) denote a class of functions of the form




n, p ∈ N = {1, 2, 3, . . . }, (1)
which are analytic in the open disc U = {z : z ∈ C; |z| < 1}. For functions f ∈ A(p)
given by (1) and g ∈ A(p) given by




n, p ∈ N = {1, 2, 3, . . . }
we define the Hadamard product (or convolution) of f and g by




n, z ∈ U. (2)
In terms of the Hadamard product (or convolution), we choose g as a fixed
function in A(p) such that (f ∗g)(z) exists for any f ∈ A(p), and for various choices
of g we get different linear operators which have been studied in the recent past.
To illustrate some of these cases which arise from the convolution structure (2), we
consider the following examples.
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1. For
g(z) = zp +
∞∑
n=p+1
(α1)n−p . . . (αr)n−p
(β1)n−p . . . (βs)n−p
zn
(n− p)! , (3)
we get the Dziok–Srivastava operator
Λ(α1, α2, · · · , αr; β1, β2, · · · , βs; z)f(z) ≡ Hpr,sf(z) := (f ∗ g)(z),
introduced by Dziok and Srivastava [6]; where α1, α2, · · ·αr, β1, β2, · · · . . . , βs
are complex parameters, βj /∈ {0,−1,−2, · · · } for j = 1, 2, · · · , s, r ≤ s +
1, r, s ∈ N ∪ {0} . Here (a)ν denotes a well-known Pochhammer symbol (or
shifted factorial).
Remark 1. When α1 = a, β1 = c s = 1and r = 2, Dizok-Srivastava opera-
tor reduces to Carlson-Shaffer operator [3], further when r = 1, s = 0; α1 =
ν + 1, α2 = 1; β1 = 1, then the above Dziok-Srivastava operator yields the
Ruscheweyh derivative operator introduced by Patel and Cho [10].
2. For





zn (c 6= 0,−1,−2, · · · ), (4)
we get the multivalent Carlson-Shaffer operator Lp(a, c)f(z) := (f ∗g)(z). The
operator
L(a, c)f(z) ≡ L1(a, c)f(z) ≡ zF (a, 1; c; z) ∗ f(z)
was introduced by Carlson-Shaffer [3] where F (a, b; c; z) is the Gaussian hy-
pergeometric function.
3. For g(z) = z
p
(1−z)ν+p (ν ≥ −p), we obtain the multivalent Ruscheweyh operator
defined by









The operator Dν+p−1f was introduced by Patel and Cho [10]. In particular,
Dνf : A → A for p = 1 and ν ≥ −1 was introduced by Ruschweyh [15]. Note













zn ( m ≥ 0) , (6)
we get the multivalent Sălăgean operator Dmp f(z) introduced by Shenan et al.
[14]. In particular, the differential operator Dm ≡ Dm1 was initially studied by
Sălăgean [12].
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5. For








zn ( l ≥ 0; m ∈ Z) , (7)
we obtain the multiplier transformation Ip(l, m) := (f ∗ g)(z) introduced by
Ravichandran et al. [11]. In particular, I(l, m) ≡ I1(l,m) was studied by Cho
and Kim [4] and Cho and Srivastava [5].
6. For







zn ( l ≥ 0; m ∈ Z) , (8)
we get multiplier transformation Jp(l, m) := (f ∗g)(z). In particular J (l, m) ≡
J1(l, m) introduced by Cho and Srivastava [4].
Remark 2. We note that for l = 0 the above operator reduces to the multivalent
Sălăgean operator Dmp f(z) introduced by Shenan et al. [14].
Motivated by the earlier works of [6, 8, 10, 14, 11, 16] we introduced a new sub-
class of multivalent functions with negative coefficients and discuss some interesting
properties of this generalized function class.
For 0 ≤ λ ≤ 1, 0 ≤ α < 1 and 0 < β ≤ 1, we let Pg(λ, α, β) be the subclass of
A(p) consisting of functions of the form (1) and satisfying the inequality
∣∣∣∣
Jg,λ(z)− 1
Jg,λ(z) + (1− 2α)
∣∣∣∣ < β, (9)
where






(f ∗ g)(z) is given by (2) and g is fixed function for all z ∈ U. We further let
Tpg(λ, α, β) = Pg(λ, α, β) ∩ T (p), where
T (p) :=
{
f ∈ A(p) : f(z) = z −
∞∑
n=p+1
|an|zn, z ∈ U
}
. (11)
We deem it proper to mention below some of the function classes which emerge
from the function class Tpg(λ, α, β) defined above. Indeed, we observe that if we
specialize the function g(z) by means of (3) to (8), and denote the corresponding
reducible classes of functions of Tpg(λ, α, β), as listed below.
When g(z) is as defined in (3), the class Tpg(λ, α, β) reduces to the subclass
HT (λ, α, β) with (9) and







When g(z) is as defined in (4), the class Tpg(λ, α, β) reduces to the subclass
LT (λ, α, β) with (9) and
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When g(z) is as defined in (5), the class Tpg(λ, α, β) reduces to the subclass
RT ν(λ, α, β) with (9) and







When g(z) is as defined in (7), the class Tpg(λ, α, β) reduces to the subclass
IT (λ, α, β) with (9) and






When g(z) is as defined in (8),the class Tpg(λ, α, β) reduces to the subclass JT (λ, α, β)
with (9) and






When g(z) is as defined in (6), the class Tpg(λ, α, β) reduces to the subclass
ST (λ, α, β) with (9) and







The purpose of the present paper is to investigate the various properties and char-
acteristics of functions belonging to the above defined subclass Tpg(λ, α, β) of mul-
tivalent functions in the open unit disk U . Apart from deriving a set of coefficient
bounds for this function class, we also establish distortion bounds and several in-
clusion relationships involving the multivalent functions with negative coefficients
belonging to this subclass.
2. Coefficient bounds
In this section we obtain coefficient estimates and extreme points for the class
Tpg(λ, α, β).




(p + nλ)(1 + β)an bn ≤ 2pβ(1− α) (12)
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Proof. Suppose f satisfies (12). Then for |z| = r < 1,


































[1 + β]anbn − 2β(1− α)
≤ 0, by (12).








2(1− α)−∑∞n=p+1 (p+nλ)p anbnzn−p








2(1− α)−∑∞n=p+1 (p+nλ)p anbnzn−p
}
< β. (13)
Choose values of z on the real axis so that Jg,λ(z) is real. Upon clearing the de-
nominator in (13) and letting z → 1− through real values, we obtain the desired
inequality (12).
Corollary 1. If f(z) of the form (11) is in Tpg(λ, α, β), then
an ≤ 2pβ(1− α)(p + nλ)[1 + β]bn , n ≥ p + 1, (14)
with the equality only for functions of the form
f(z) = zp − 2pβ(1− α)
(p + nλ)[1 + β]bn
zn, n ≥ p + 1. (15)
Corresponding to the various subclasses which arise from the function class
Tpg(λ, α, β), by suitably choosing the function g(z) as mentioned in (3) to (8), we
arrive at the following corollaries giving the coefficient bound inequalities for these
subclasses of functions.
316 G.Murugusundaramoorthy and S.B. Joshi
Corollary 2. A function f ∈ HT (λ, α, β) if and only if
∞∑
n=p+1





(α1)n−p . . . (αl)n−p
(β1)n−p . . . (βm)n−p
(16)
Remark 3. For specific choices of parameters α1, β1, s, r as stated in Remark 1,
Corollary 2 would yield the coefficient bound inequalities for the subclasses of func-
tions LT (λ, α, β) and RT ν(λ, α, β)).
Corollary 3. A function f ∈ IT (λ, α, β) if and only if
∞∑
n=p+1





an ≤ 2pβ(1− α).
Corollary 4. A function f ∈ J T (λ, α, β) if and only if
∞∑
n=p+1





an ≤ 2pβ(1− α).
Remark 4. When l = 0, Corollary 4 would give the coefficient bound inequality for
the subclass of functionsST (λ, α, β).
Theorem 2 (Extreme points). Let
fp(z) = zp
and
fn(z) = zp − 2pβ(1− α)(p + nλ)[1 + β]bn z
n, n ≥ p + 1, (17)
for 0 ≤ α < 1, 0 < β ≤ 1, 0 ≤ λ ≤ 1. Then f(z) is in the class Tpg(λ, α, β) if and
only if it can be expressed in the form




where µn ≥ 0 and
∑∞
n=p µn = 1.
Proof. Suppose f(z) can be written as in (18). Then





zp − 2pβ(1− α)








(p + nλ)[1 + β]bn
zn.




(p + nλ)[1 + β]bn
2pβ(1− α) µn
2pβ(1− α)




µn = 1− µ1 ≤ 1.
Thus f ∈ Tpg(λ, α, β). Conversely, let us have f ∈ Tpg(λ, α, β). Then by using (14),
we set
µn =
(p + nλ)[1 + β]bn
2pβ(1− α) an, n ≥ p + 1
and µp = 1 −
∑∞
n=p+1 µn. Then we have f(z) =
∑∞
n=p+1 µnfn(z) and hence this




fn(z) = zp − 2pβ(1− α)Γn(p + nλ)[1 + β]z
n, n ≥ p + 1, (19)
for 0 ≤ α < 1, 0 < β ≤ 1, λ ≥ 0. Then f(z) is in the class HT (λ, α, β) if and only
if it can be expressed in the form









and Γn is given by (16).
Remark 5. For specific choices of parameters r, s, α1, β1 (as mentioned in the Re-
marks 1 and 2 ), Corollary 5 we can prove analogous results for the subclasses of
functions LT (λ, α, β) and RT ν(λ, α, β). Further on lines similar to the above the-
orem one can easily prove the extreme points results for the classes IT (λ, α, β) and
J T (λ, α, β).
3. Distortion bounds
In this section we obtain distortion bounds for the class Tpg(λ, α, β).
Theorem 3. If f ∈ Tpg(λ, α, β), then
rp − 2pβ(1− α)
(p + pλ + λ)[1 + β]bp+1
rp+1 ≤ |f(z)| ≤ rp + 2pβ(1− α)
(p + pλ + λ)[1 + β]bp+1
rp+1
(20)
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holds if the sequence {σn} is non-increasing for n > p and
prp−1 − 2p(p + 1)β(1− α)
(p + pλ + λ)[1 + β]bp+1
rp ≤ |f ′(z)| ≤ prp−1 + 2p(p + 1)β(1− α)
(p + pλ + λ)[1 + β]bp+1
rp
(21)
holds if the sequence {σn/n} is non-increasing for n > p, where σn = (p+nλ)bn, (n >
p).
The bounds in (20) and (21) are sharp, since the equalities are attained by the
function
f(z) = zp − 2pβ(1− α)
(p + pλ + λ)[1 + β]bp+1
zp+1 |z| = ±r. (22)
Proof. In view of Theorem 1, we have
∞∑
n=p+1
an ≤ 2pβ(1− α)(p + pλ + λ)[1 + β]bp+1 (23)








rp − rp+1 2pβ(1− α)
(p + pλ + λ)[1 + β]bp+1
≤ |f(z)| ≤ rp + rp+1 2pβ(1− α)
(p + pλ + λ)[1 + β]bp+1
.
(24)




nan ≤ 2p(p + 1)β(1− α)(p + pλ + λ)[1 + β]bp+1 .
Hence (21) follows from
prp−1 − (p + 1)rp
∞∑
n=p+1




Corollary 6. If f ∈ HT (λ, α, β), then
rp − 2pβ(1− α)
(p + pλ + λ)[1 + β]Γp+1
rp+1 ≤ |f(z)| ≤ rp + 2pβ(1− α)
(p + pλ + λ)[1 + β]Γp+1
rp+1
(25)
holds if the sequence {σn} is non-increasing for n > p and
prp−1 − 2p(p + 1)β(1− α)
(p + pλ + λ)[1 + β]Γp+1
rp ≤ |f ′(z)| ≤ prp−1 + 2p(p + 1)β(1− α)
(p + pλ + λ)[1 + β]Γp+1
rp
(26)
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holds if the sequence {σn/n} is non-increasing for n > p, where σn = (p + nλ)Γn,
(n > p).
The bounds in (25) and (26) are sharp for
f(z) = zp − 2pβ(1− α)
(p + pλ + λ)[1 + β]Γp+1
zp+1 (27)
where Γp+1 is given by (16).
Remark 6. For specific choices of parameters r, s, α1, β1 (as mentioned in Remarks
1 and 2 ), Corollary 6 we can deduce analogous results for the subclasses of functions
LT (λ, α, β) and RT ν(λ, α, β). Further on lines similar to the distortion theorem one
can easily prove the distortion bounds for functions in the classes IT (λ, α, β) and
J T (λ, α, β).
Corollary 7. If f ∈ ST (λ, α, β), then
rp − pβ(1− α)
2m−1(p + pλ + λ)[1 + β]
rp+1 ≤ |f(z)| ≤ rp + pβ(1− α)
2m−1(p + pλ + λ)[1 + β]
rp+1
(28)
prp−1 − pp + 1β(1− α)
2m−1(p + pλ + λ)[1 + β]
rp ≤ |f ′(z)| ≤ rp + p(p + 1)β(1− α)
2m−1(p + pλ + λ)[1 + β]
rp.
(29)
The bounds in (28) and (29) are sharp for
f(z) = zp − pβ(1− α)
2m−1(p + pλ + λ)[1 + β]
zp+1. (30)
4. Radius of starlikeness and convexity
The radii of close-to-convexity, starlikeness and convexity for the class Tpg(λ, α, β)
are given in this section.
Theorem 4. Let the function f(z) defined by (11) belong to the class Tpg(λ, α, β).















∣∣∣∣ < p− δ. (32)
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Using the fact, that f ∈ Tpg(λ, α, β) if and only if
∞∑
n=p+1
(p + nλ)[1 + β]anbn
2pβ(1− α) ≤ 1.
We can say (32) is true if
n
p− δ |z|





(p− δ)(p + nλ)[1 + β] bn
2pnβ(1− α)
]
which completes the proof.
Theorem 5. Let f ∈ Tpg(λ, α, β). Then










(p− δ)(p + nλ)[1 + β] bn




















Each of these results are sharp for the extremal function f(z) given by (17).





∣∣∣∣ < p− δ. (33)
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p− δ an |z|
n < 1.
Using the fact, that f ∈ Tpg(λ, α, β) if and only if
∞∑
n=p+1
(p + nλ)[1 + β]anbn
2pβ(1− α) < 1.




(p + nλ)[1 + β] bn
2pβ(1− α) .
Or, equivalently,
|z|n < (p− δ)(p + nλ)[1 + β] bn
2pβ(1− α)(n− δ)
which yields the starlikeness of the family.
(ii) Using the fact that f is convex if and only if zf ′ is starlike, we can
prove (2), on lines similar the proof of (1).
Concluding remarks: Corresponding to the various subclasses which arise from
the function class Tpg(λ, α, β), by suitably choosing the function g(z) as mentioned in
(3) to (8), and for specific choices of parameters α1, β1, r, s we can deduce analogous
results for the subclasses of functions introduced in this paper. Furthermore, by
suitably choosing the values of g, α, β, λ, and p = 1 the class Tpg(λ, α, β) and the
above subclasses reduce to the various subclasses introduced and studied in the
literature (see [1, 2, 7, 9, 13, 17]).
Acknowledgement
The authors express their sincerest thanks to the referee for useful comments.
References
[1] O.Altintas, A subclass of analytic functions with negative coefficients, Bull. Sci-
Engg. Hacettepe Univ. 19(1990), 15–24.
[2] G. J. Bao, Y. Ling, On some classes of analytic functions with negative coefficients,
J. Harbin Inst. Tech. 23(1991), 100–103.
[3] B.C.Carlson, D.B. Shaffer, Starlike and prestarlike hypergeometric functions,
SIAM J. Math. Anal. 15(1984), 737–745.
[4] N.E.Cho, T.H.Kim, Multiplier transformations and strongly close-to-convex func-
tions, Bull. Korean Math. Soc. 40(2003), 399–410.
[5] N.E.Cho, H.M. Srivastava, Argument estimates of certain analytic functions de-
fined by a class of multiplier transformations, Math. Comput. Modelling 37(2003),
39–49.
322 G.Murugusundaramoorthy and S.B. Joshi
[6] J.Dziok, H.M. Srivastava, Classes of analytic functions associated with the gener-
alized hypergeometric function, Appl. Math. Comput. 103(1999), 1–13.
[7] V.P.Gupta, P.K. Jain, Certain classes of univalent functions with negative
coefficients-II, Bull. Austral. Math. Soc. 15(1976), 467–473.
[8] Sh.Najafzadeh, S.R.Kulkarni, G.Murugusundaramoorthy, Certain classes
of p-valent functions defined by Dziok-Srivasatava linear operator, General Mathe-
matics 14(2005), 65–76.
[9] S.Owa, S.K. Lee, Certain generalized class of analytic functions with negative coef-
ficients, Bull. Cal. Math. Soc. 82(1990), 284–289.
[10] J. Patel, N. E.Cho, Some classes of analytic functions involving Noor integral oper-
ator, J. Math. Anal. Appl. 312(2005), 564–575.
[11] V.Ravichandran, M.Darus, M.HussainKhan, K.G. Subramanian, Differential
subordination associated with certain linear operators defined by multivalent functions,
Acta Math. Vietnam. 30(2005), 113–121.
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